
Mechanical systemsMechanical systems
• Things we’d like to model with the help 

of some trivial physics

joint
end-point

linklink
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How to describe things 
h i llmathematically

O  f  f   li k• One reference frame per link
– Not needed for now…

2 3

1

base
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Studying what?Studying what?

No forces Forces

No motion Styling Static

Motion Kinematics Dynamics
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NotationNotation

( )dF mv mx
dt

= = Since links are physical objects with mass
dt

Jϑ J f i iJτ ϑ= J = moment of inertia

F r

F rτ = ×
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Moment of inertia
Around an axis

m3
2

1

N

i iJ m r=∑
m1 m2 1i=

density

2J r dVρ= ∫
volume
∫
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Parallel axis theoremParallel axis theorem

2J J M 2
cJ J Mr= +

Through theThrough the 
center of gravity
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Example
y

, MMass M lρ= =x

z

,Mass M lρ

0xJ =

/ 2 2/ 22 2 3

/ 2
/ 2

1
3 12|

l
l

y l
l

MlJ r dV x dx xρ ρ ρ
−

= = = =∫ ∫
/ 2 3l−

2 2 2Ml l lJ M M= + =/ 2 12 4 3y lJ M M=− = + =
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Sum of Jy
x

c

y

c

x
z

a

b L

a

b

2 2( )MJ b+

L

( )
12xJ a b= +

2 2( )MJ a c= + e.g. → 2 2 2( ) ( )top
top x top

M aJ a c M L= + + +( )
12yJ a c= +

2 2( )MJ b c= +

( ) ( )
12 2top x topJ a c−

hand x top x side x bottom xJ J J J= + +

RA 2007

( )
12zJ b c+ hand x top x side x bottom x− − − −



Experimental estimation of JExperimental estimation of J

torsional springobject

1
2

Kf
Jπ

=
Use a photodiode and a computer to measure the
frequency

Requires calibration from known J

RA 2007

Requires calibration from known J



Experimental estimation of JExperimental estimation of J

object center of
h

j center of 
gravity

1
2

Mghf
Jπ

≈

RA 2007



Work and powerp

∑
2s

E const= if 0extF =∑
2

1

s

s

W Fds= ∫ , energyW E E= Δ =

21
2

K mv= kinetic energy

dWP
dt

= Power → P Fv=

RA 2007

dt



Rotational case

∑
2ϑ

E const= if 0extτ =∑
2

1

W d
ϑ

ϑ

τ ϑ= ∫ , energyW E E= Δ =

21
2

K Jω= kinetic energy

dWP
dt

= Power → P τω=

RA 2007

dt



As I mentioned, we’d like to 
d l  i l  j imodel a single joint

end-point

link/load

motor
reduction

gears

RA 2007



MotorMotor

• Let’s imagine for now that it is • Let s imagine for now that it is 
something that generates a given torque

RA 2007



Mechanical transmissionMechanical transmission

• Gears
• Belts• Belts
• Lead screws
• Cables
• Cams
• etc.

RA 2007



Gears
1ϑ

ϑ

N1

2ϑ

• Distance traveled is the same:
N2

Distance traveled is the same:
1 1 2 2r rϑ ϑ=

• Because the size of teeth is the same:• Because the size of teeth is the same:
1 2N N

r r
=

RA 2007
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FurthermoreFurthermore…

1 1 2 2r rϑ ϑ=1 1 2 2r rϑ ϑ

1 2N N1 2

1 2

N N
r r

=

• No loss of energy 1 1 2 2τ ϑ τ ϑ=
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CombiningCombining…
1 1 2 1 2 2N r ϑ τ ω α
= = = = =

2 2 1 2 1 1N r ϑ τ ω α
= = = = =

# f t th Inverse relationship
between speed and torque

# of teeth

2
2 1

N
N

τ τ=
input

1NTR
N

=
1N

output
2N

mechanical parameter
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Equivalent J

1 1N NJ Jϑ ϑ⇐ 1 1
1 1 1 2 2 2

2 2

J J
N N

ϑ τ τ ϑ⇐ = =

2
⎛ ⎞

2

2 1 1
1 2 2

1 2 2

N NJ J J
N N

ϑ
ϑ

⎛ ⎞
= ⇒ ⎜ ⎟

⎝ ⎠1 2 2⎝ ⎠

2
1 2J TR J=

• J as seen from the motor

1 2
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In realityIn reality
1

2 1 TR
τ τ η=

• Where η is the efficiency of the 
mechanism (from 0 to 1)

• η is related to power, speed ratio doesn’t 
changechange

• η is also the ratio of input power vs. 
power at the output

RA 2007

power at the output



For exampleFor example
input

20%20%η =

30

1η

30

1η =
1

output

RA 2007



ExampleExample
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Motion conversionMotion conversion
• Start withStart with

2
2 1

1

N
N

τ τ=
1

• Design TR, more torque (usually)

N N

1TR <

2 1N N>

1 2 2 1J J ω ω< ⇔ <

RA 2007
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Viscous frictionViscous friction
• Easy:

2 2viscous B

TR TR B

τ ϑ

ϑ

=

_ 2 2

2
1 2 2 2

eq viscous viscous

eq eq

TR TR B

B TR B B TR B

τ τ ϑ

ϑ ϑ

= ⋅ = ⋅

= ⋅ ⇒ =1 2 2 2eq eq

• Coulomb friction:

2sgn( )eq cTR Fτ ϑ= ⋅

RA 2007



Lead screwLead screw
• Rotary to linear motion conversion 

(P=pitch in #of turns/mm or inches)( p )

[ ] 2

2

rad Px

P

ϑ π

ϑ

=x

mass/load
2 Pxϑ π=

2 21 12 21 1
2 2rot lin loadE E M v Jω= ⇒ = ⇒

M

motor

2(2 )
loadMJ
Pπ

⇒ =

RA 2007
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Harmonic drivesHarmonic drives

From the harmonic drive website
http://www harmonicdrive dehttp://www.harmonicdrive.de

RA 2007



Gearhead (for real)

Standard (serial)

RA 2007 Planetary



Example
• Designing the single joint

– Given:
2

max max max maxeq eq loadJ J J TRϑ τ ϑ τ ϑ ϑ⇒ = ⇒ = =max max max maxeq eq loadJ J Jϑ τ ϑ τ ϑ ϑ⇒ ⇒

• Then taking into account some more realistic 
components:

2

max maxload
TRJτ ϑ=max maxload η
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Example (continued)Example (continued)
2TRJ ϑmax maxload

TRJτ ϑ
η

=

max maxgiven get P Pτ ϑ ϑ= ⇒ ⇒

motor power, from catalog

This guarantees that the motor can still deliver maximum torque at maximum speed

RA 2007

This guarantees that the motor can still deliver maximum torque at maximum speed



More on real world componentsMore on real world components

• EfficiencyEfficiency
• Eccentricity

B kl h• Backlash
• Vibrations

• To get better results during design To get better results during design 
mechanical systems can be simulated

RA 2007



Control of a single jointControl of a single joint

microprocessor actuator mechanics sensor

amplifieramplifier
reference

RA 2007



ComponentsComponents
• Digital microprocessor:g p

– Microcontroller, processor + special interfaces
• Amplifier (drives the motor)

T  co t ol ig al  i to o e  ig al– Turns control signals into power signals
• Actuator

– E.g. electric motorg
• Mechanics/load

– The robot!
S• Sensors
– For intelligence

RA 2007



ActuatorsActuators
• Various types:Various types:

– AC, DC, stepper, etc.
DC– DC

• Brushless
• With brushesWith brushes

• We’ll have a look at the DC with 
brushes  simple to control  widely used brushes, simple to control, widely used 
in robotics

RA 2007



DC-brushless
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DC with brushes
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Modeling the DC motorModeling the DC motor

S d t  d t t • Speed-torque and torque-current 
relationships are linear

RA 2007



In particular
ω

current torque
No-load speed

current-torque
p

speed torque

τ
speed-torque

stall torque

RA 2007

q



Real numbers!Real numbers!
http://www.minimotor.ch
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Electrical diagramElectrical diagram

R aL
aR

+

armV
lR gE

( )E t K( )g EE t Kω=

RA 2007



Meaning of componentsMeaning of components
• Armature resistance (including R Armature resistance (including 

brushes)
• Armature voltageV

aR

• Armature voltage
• Losses due to magnetic field

armV
lR

• Back EMF produced by the 
rotation of the armature in the 

gE

field
• Coil inductanceaL

RA 2007
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We can writeWe can write…

( )V R I L I t Kω= + + ( )arm a a a a EV R I L I t Kω= + +
for  l aR R

which is the case at the frequency of interest, and we 
also have…

l a

T aK Iτ =
a so ave…

RA 2007



On torque and currentOn torque and current

F L BF iL B= ×

RA 2007
lorentzF qv B= ×



Thus for many coilsThus for many coils…
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Back to motor modelingBack to motor modeling…

( ) ( ) ( )J J t B tτ ω ω τ τ= + + + +( ) ( ) ( )M L f grJ J t B tτ ω ω τ τ= + + + +

• Torque generatedτ • Torque generated
• Inertia of the motor

τ
MJ

J • Inertia of the load
• Friction

LJ
fτ

• Gravity
f

grτ

RA 2007



FurthermoreFurthermore…

( )V R I L I t Kω= + + ( )arm a a a a EV R I L I t Kω= + +

K Iτ = T aK Iτ =

( ) ( ) ( )J J t B tτ ω ω τ τ= + + + +( ) ( ) ( )M L f grJ J t B tτ ω ω τ τ= + + + +

RA 2007



ConsequentlyConsequently
E VR K −⎡ ⎤⎡ ⎤ arma E

aa a aa

f grT

M L M L

VR K
LL L II

K B
J J J J J J

τ τωω

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥⎡ ⎤ ⎡ ⎤

= ⋅ + ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥ +⎣ ⎦⎣ ⎦ ⎢ ⎥⎢ ⎥
+ + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

• A linear system of two equations (differential)

M L M L M LJ J J J J J+ + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

• Q: can you write a transfer function from 
these equations?

• Q: can you transform the equations into a 
block diagram?
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By Laplace-transformingBy Laplace transforming

( ) ( )( ) ( ) ( ) ( ) ( ) arm E
arm a a a a E a

a a

V s s KV s R I s L I s s s K I s
R L s

ωω −
= + + ⇒ =

+

T aK Iτ =
( ) ( ) ( ) ( ) ( )arm E

T M L f gr
V s s KK J J s s B s

R L s
ω ω ω τ τ−

= + + + +
+a aR L s+
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and finallyand finally
( ) K L Jsω

2

( )
( ) [( ) ] ( )

T a T

arm a T a a T T E a a T

K L Js
V s s R J L B L J s K K R B L J
ω

=
+ + + +

• Considering gravity and friction as 
additional inputs

RA 2007



Block diagramBlock diagram

fτ τ+

1 I 1V τ
f grτ τ+

ω-
1

a aR sL+ TK
aI 1

TB sJ+
-

armV

EK

RA 2007



Analysis toolsAnalysis tools

C t l  d t i  V  t   th  t   • Control: determine Va so to move the motor as 
desired

• Root locus
• Frequency response

RA 2007



First block diagramFirst block diagram

(1 )a

A
sτ+ (1 )

m

m

K
sτ+

1
s

ϑV*ϑ

-

ϑ

pKϑ̂

pm KKAH _ 1 1
pm

open loop
a m

H
s s sτ τ

=
+ +
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Root locus
_     

1 1
pm

open loop m p

KKAH K AK K
s s sτ τ

= =
+ +1 1a ms s sτ τ+ +

jω

1
τ

−
1
τ

−

σ

aτ mτ
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Changing KChanging K
ϑ

small K

ϑ
t

hi h K

ϑ

higher K

RA 2007
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Let’s add something
d disecond diagram

(1 )a

A
sτ+ (1 )

m

m

K
sτ+

1
s

ϑV*ϑ

-

ϑ

-

ϑ̂
gK

pK

( )AK K sK+

ϑ

_

( )
(1 )(1 )

m p g
open loop

a m

AK K sK
H

s s sτ τ
+

=
+ +
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AnalysisAnalysis

(1 )gKAK K s+
_

(1 )

(1 )(1 )

g
m p

p
open loop

a m

AK K s K
H

s s sτ τ

+
=

+ +

m pK AK K=

g
feedback

K
Z

K
=

pK
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Root locus (case 1)Root locus (case 1)

jjω

1 1

σ

K1

aτ
−

1

mτ
− p

g

K
K

−

1pK
K τ

<

RA 2007
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Root locus (case 2)Root locus (case 2)

jjω

1 1

σ

K1

aτ
−

1

mτ
−p

g

K
K

−

1pK
K τ

>

RA 2007
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OverallOverall…
f grτ τ+

1

a aR sL+ TK
aI 1

TB sJ+
armV τ

f gr

ω- 1
s1 a

A
sτ+

*ϑ ϑ

-
EK

s

gK

pK
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