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Mechanical systems

• Things we’d like to model with some 
physics

joint

link

end-point
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Sometimes in classical robotics

Indicates a 
rotational joint

Indicates a 
translational joint

(prismatic)
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How to describe things 
mathematically

base

1

2 3

• One reference frame per link
– Not needed for now…
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Studying what?

DynamicsKinematicsMotion

StaticStylingNo motion

ForcesNo forces
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Let’s move to something 
simpler…

( )
d

F mv
dt

= Since links are physical objects with mass

F Mg= Since in most cases gravity applies

0( )F k x x= − Springs
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Friction

F Bx= � v

F

viscous

2( )F B x= � v

F

airplane
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= ±
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sgn( )cF F x= �
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Rotational motion

Jτ ϑ= �� J = moment of inertia

F r

F rτ = ×
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Moment of inertia
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Around an axis

2

volume

J r dVρ= �

density
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Parallel axis theorem

2
cJ J Mr= +

Through the 
center of gravity
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Example
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Sum of J
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Things you need to do for certain 
robots

Mg

counter balance

• Balance a load against gravity (static)
• Higher moment of inertia (difficult to 

accelerate)
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Experimental estimation of J

torsional springobject

1
2

K
f

Jπ
=

Use a photodiode and a computer to measure the
frequency

Requires calibration from known J

RA 2005

Experimental estimation of J

object

1
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Mgh
f

Jπ
≈

center of 
gravity

h
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Work and power
• Needed when talking about dynamics
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W Fds= � , energyW E E= ∆ =

E const= if 0extF =�

1 0W Mgh Mgh= −
work done to move from 0 to 1

(against the gravity field)

dW
P

dt
= Power → P Fv=

2 2
1 2

1 1
2 2

W Mv Mv= −
work done to change

the kinetic energy
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Power is sometimes dissipated in 
heat

P Fv= 2
frictionP Bv=
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Rotational case
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W d
ϑ

ϑ

τ ϑ= � , energyW E E= ∆ =

E const= if 0extτ =�

dW
P

dt
= Power → P τω=

21
2

K Jω= kinetic energy
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A sort of example

21
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mv mgh const+ =

Fg
Ft

x

z

θθθθ

sin  sin  

:  is the tangential velocity

t g

dv
mv mav F v F v mg v

dt
NB v

ϑ ϑ= � � − � −
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dv dh

mv mg
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(sin )
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mg v mg
dt

ϑ� − = −


