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Each point in the scene projects
to a single (or very small) point in
the image

.

SINA-10/11



The focal length f is the distance between the
pinhole and the sensor

f
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Film/
Sensor ) scene
pinhole
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If we double f we double the size of the
projected object
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Photegraph made with small pinhole

Problems:

- limited light

- the size of the pinhole
limits sharpness
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Converging lenses

Lenses fOCUS the Photograph made with small pinhole
light from different

dlrectlonslrays > <
Te make this picture, the lens of @ camera was subject got ihrough the tiny opening, producing a
replaced with a thin metal disk pierced by a tiny soft bui acceptably clear photograph. B
pinhole, equivalent in size to an aperture of [/i5 2 he smail size of the pinhole, the exposure had to
Oniy a few nivs of light from each point on the be 6 xee lone
Photograph made writh lens
'
This time, using @ simple convex lens with an The lens opening was much @

J/16 aperture, the scene appean 1 sharper than 1l pinhole, letting in far mone ligh

[ ) T N . fe 1k < bragrcf O < " o
one taken witk the smaller pinhole, and the ravs from cack polnt on the subpect precisely 5o
CXposSUre Lime was r i shorter only 17100 s« that they were sharp on the film
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How to draw the rays

Three rules
1. incident rays parallel to the principal axis converge to the focal
point
2. incident rays passing through the center of the lens do not
modify their direction

3. incident rays through the focal point on the right side of the
lens get reflected and travel parallel to the principal axis

bl / I Thin lens approx:

d small compared to R1 and R2

—" Focal point

Positive (converging) lens



Example
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Example
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Example
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Example
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Example

\\ clear image

blurred image, out of focus
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Thin lens formula

J4
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Thin lens formula
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Thin lens formula
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Thin lens formula
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Obijects at infinity focus at f

d' - f
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Obijects at infinity focus at f

d' - f

When the object gets closer,
the focal plane moves away
from f. At the limit:

fd - f
d'- o

an object at distance f
requires the focal plane to
be at infinity
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Effect of focal length on image size

Effect of focal length on
field of view
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Depth of field (dof)
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Depth of field (dof)

some tolerance
(circle of confusion)

SINA -10/11



Depth of field (dof)
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Depth of field (dof)
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(circle of confusion)
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Depth of field (dof)

some tolerance
(circle of confusion)

\‘

A

some tolerance
(circle of confusion)

depth of field

A
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Getting the right exposure

« Shutter speed: how long the sensor is exposed to light,
expressed in fractions of a second

1/30 1/60 1/125 1/500 1/1000 ...

« Aperture: diaphragm controls how much light we allow
through the lens (it is expressed as a fraction of focal

length):
(12.0,112.8, 14,156,118 .122) =gy SO

1/5.6 Lg""
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focal plane
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diaphragm

focus

focal plane
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focus

focal plane
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sharper image

focal plane

focus

diaphragm

focal plane

focus
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Effect of aperture: depth of field

LESS DEPTH OF FIELD MORE DEPTH OF FIELD

Wider apertnr i : f/2
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Effect of shutter speed: motion blur

Slow shutter speed Fast shutter speed
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Image formation, camera model

Consider a pinhole camera, force all rays to go through the optical center

See: Forsyth and Ponce, Computer Vision a Modern Approach
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Image formation, camera model

Consider a pinhole camera, force all rays to go through the optical center

image plane X:[X; Y]T
X=AX (X=AX
y =AY
z=)Z |z=-f=A=-f/Z

<

[
A
_<
U
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N

Image formation, camera model

Consider a pinhole camera, force all rays to go through the optical center

image plane X = [X, y]T

(X=AX
y=AY :>x:—f§,y:—f1

Z Z
z=-f=A=-f/Z

Ideal pinhole camera model
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Often we flip the image (-x,-y) =2 (X,y), which is equivalent to placing the
image plane in front of the optical center:

Note: any point on the line through o and p projects onto the same
coordinates (X,y)
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« Consider a generic point p with coordinates X,=[X, Yy Z]
relative to the world reference frame

* The coordinates X=[X Y Z] of p relative to the camera
frame are given by the rigid body transformation:

X=RI[X,+T

o o

Y {R T} Y,
= il

Z| |0 1]]z,

_1_ _1_

homogeneous representation
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the world

reference frame



f 0 0][X
X fl X X X
X = =— =7 =f =Zly|=|0 f 0|IY
yl Z|Y y Y
_1_ _OOl__Z_
D'd . o _ X
fOOOY f 0 O 1000Y
Zly|(={0 f O O[]Z =10 f O|0 1 O O[]Z
1] [0 0 1 0of) | [0 0 1J[0 0 1 0ff

- consider a point in
- - . X
\ y 1 0 /the world
Z

f 0
R T|LY, reference frame
Ally|=|0 0 ]
0 1|12z,
0 0

L L 4 L - _1_

Al X = Kf M OgXO geometric model for an ideal camera
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Intrinsic parameters

(0,0)u Uy
V Pixel size:
Y
1 1 . .
—X— units: [pixels/m]
Vo kK |
u=KkI[x+u,
v=1X+Vv,
u| [k O u,]||x]
p=|v|=|0 | v,y
1] |0 0 1)1
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» |If pixels are not rectangular, a more general form of matrix is
considered:

ul [k s, u|[x

Pp=|V 0O | v, My 6
1] |0 0 1|1 \' —

where s,is called skew factor

]
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» |If pixels are not rectangular, a more general form of matrix is
considered:

u| [k s, U
Pp=|V 0O | v, My
1] |0 0 1]]1

where s,is called skew factor

]

A more realistic model of a transformation between homogeneous

coordinates of a 3D point relative to the world reference frame and
Its image in terms of pixels:

L . - _ X,
k s, ul|f O 02 0 0 O
R T|Y,
Avi=|0 | v, 00O f 0|0 1 0 O
0 1|2,
1] |0 0 1]|0 O 1j0 O 1 O .
\ v Tk fs, u,| [a yg_uo:
K=K,K;={0 If v,|=|0 B Vv,
0 0 1| |0 0 1]
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* Tosummarize: extrinsic parameters

/
Ap =KM,0X, =MP
/

/

K =K.K, intrinsic parameters

» Intrinsic and extrinsic parameters can be estimated with a general
technique called “camera calibration” (see for example: R.Y. Tsai
1986)
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Projection matrix: characterization

e The projection matrix can be written explicitly as a
function of its five intrinsic parameters and the six

extrinsic ones (we skip the detalls):

T T T
ar, =Ygty tUgls  at, =)t +Ud,
— T T
M = IBrZ +V0r3 ﬁy-l_votz
T
I, t,

r,,r,,r. denotethethreerowsof thematrix R
t..t,,t, arethecoordinatsof thevectorT

« Mis a 3x4 matrix
* Given the structure of R, M has 11 degrees of
freedom: 5 intrinsic parameters + 6 extrinsic ones (3

for rotation and 3 for translation)
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Geometric Camera Calibration (introduction)

We assume that the camera observes a set of features such as points
or lines with known positions in a fixed world coordinate system

These points can be localized automatically or manually
Goal: derive the intrinsic and extrinsic parameters of the camera

Allow associating with any image point a well-defined ray passing
through the point and the camera’s optical center

— AL
' A\
\ \
\ \
f VA
/
/

A\ Y\

ARREE
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Calibration Pattern with the projected points
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Linear Approach

m X  Mis the projection matrix it
Y contains extrinsic and intrinsic
Alvi=M 7|7 Ap =MP parameters of the camera
1 1 « Algorithms for camera calibration

- usually consists in two steps:

m, m, m; my m; 1. Estimate M
M=m, m, m, m,|=|m) 2. Reconstruct the camera
T parameters from M
My My My My | m,
o M
m; =1 m;
M
m',m’,m! rowsof M
[ m, [P
u=
m, [P
/\:m3P:><
V:mZEIP
. m;P SINA - 10/11




Linear Approach

N = Consider a set of n points
,/f P % o) 1 with known position P;, and
gis >~ projection u,V,

gfg RN / A

3|3 313
B HT
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Linear Approach

. ky, : I
" | Consider a set of n points
//f ~ (o) with known position P;, and
T A \T projection u,,v;
1o, k= /)
| A - 7, /‘ .l"),-’
) For each point i we get two equations
m, [P /
U = .
m, [P (ml_uimB)]Pi =0
.
m, [P (mz —V m3) B =0
v, = ‘
m, (P
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We organize the equations in matrix form:

um,P =m,P
vmgP, =m,P

UMy, X, +Uimg,Y, +UmgZ +umg, =m, X, +myY, +m,Z, +my,
Vimg, X, + VMY, +VimyZ; +Vimg, = m, X, +my,Y + Mz, +my,
{_ (M, X; +my,Y, +mZ +my,) +um, X, +um,,Y, +um,Z; +um, =0

= (M, X, + MY, + My Z +my, ) +vimy, X, +vim,Y, +vimZ, +vim,, =0
in matrixform:

-X, =Y, -Z -1 0 0 0 O uX uY uZ u
0 0O O 0 -X =X =X -1 vX VY uZ v

SINA -10/11
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Collecting n points leads to 2n equations:

in compacform:
Wim=0

-X, -Y, -Z, -10
0 0 O 0 -X,
-X, -Y, -z, -10
0 0O O 0 -X,
-X, -Y, -Z., -1 0
0 0 0 0 -X.,

0 0 0
-X, -X, -1
0 0 0
-X, -X, -1
0 0 0
Y, -z, -1

* mis 12x1 (M has 12 coefficients)

e Wis a 2nx12 matrix

UpXq
VoXo
U X,
Vi Xy

un—lX n-1
Vn—lx n-1

u OYO
VOYO
A
ViYy

u n —lYn -1

Vn—lYn—l

UoZ,
UoZ,
Wz,
viZ,

l"In—lzn—l

Vn—lzn—l

m,
m,
M
m,

My,
M.,

« When nis large (>6) homogeneous least-squares can be used to determine
m (and the projection matrix M), the solution is the eigenvector of W'W such
that [m|=1 (more on next slide)
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Homogeneous Least-squares

« Consider the following problem
U X +U X, .. +u X%, =0

u x +u x, +...+u =0
) 21X1 2272 2qu @UD(:O

u x+u X+..+u,x, =0

L Pt

* The following cases:
— p=g and U is non singular, unigue solution x=0
— pP>=g non zero solutions exist when U is singular with rank<qg
— To find a non trivial solution we set the additional constraint:

=1
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e The problem becomes:
E(X) = \sz =x"U"Ux
min(E(x)) s.tx =1

e UTU is a symmetric positive semidefinite
gxq matrix

It can be diagonalized:
e 1=1..9
0< A <.,

X =Ug€ +...+ U,

2 2 2
u-+u,” +..+u, =1
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E(x)=x"UTUx =Au” +..+ A .u,?
E(e,)=€'UTUe, = 4,

(x)-E(e,)=x"UTUx-¢ U Ue, =

AU+ AU = Az AU+ +u =) =0
E(x)= E(e,) =4

Theunit vecto x minimizing E(X) Is theeigenvectoe,

M

associateavith theminimumeigenvaluef U'U.
Thecorresponthg minimum valueof Eis A,

The problem can be solved using any technique for
computing eigenvectors and eigenvalues. SVD in particular
allows computing eigenvalues and eigenvector without
constructing UTU
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Reconstruction of intrinsic and extrinsic parameters

Once the projection matrix M is estimated we can use its expression
In a simple case in which theta=0, we get:

I's M43
- "\ 3 0 :
Uy rm'f | uor;f1 e m:Mlnf 1113
. ‘ T, 2 I
g o._ir.i) | t'.Jr:‘; T m:“m.i, 1113
2 3
Q My |my x m?|
2 3
3 M, My X m”|
M3y .
I — 111} — Uplllg)
Q
mgzy .
I'o — 11l — Tnlllyg)
i3
L. M3y
M3y ‘
L, — (M4 — Up)
Q
M3y .
t, — Moy — V)
i3

See Forsyth & Ponce for details and skew-angle case.
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Radial distortion

= xd(1+a1r2 +a2r4)
y=Yy,l+ar® +ar)

Camera calibration becomes a non linear problem...
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